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Abst ract - -Th is  paper deals with the 7-/0o control of a class of fermentation processes that are 
described by an unstructured fermentation process model. For a given dilution rate, an optimal 
controller has been developed which guarantees the so-called L2-gain from the disturbance to the 
error between the substrate concentration and the desired optimal substrate concentration to be 
no larger than a prescribed value in lieu of the system's uncertainties. The disturbance affecting 
the system's dynamics comes from the residue of the feed substrate concentration, external noise, 
and unmodelled ynamics. It is stressed that this optimal controller equires only the substrate 
concentration to be measurable. ~) 1999 Elsevier Science Ltd. All rights reserved. 
Keywords - -Fermentat ion  process, T/0o control, Robustness, Measurement oise, Parameter vari- 
ations. 
NOMENCLATURE 
D dilution rate (h -1) 
ki substrate inhibition constant (g/L) 
km substrate saturation constant (g/L) 
p product concentration (g/L) 
Pm product saturation concentra- 
tion (g/L) 
Q product cell produced per unit time 
concentration (g/h L) 
s substrate concentration (g/L) 
s/  feed substrate concentration (g/L) 
x biomass concentration (g/L) 
Y=/, cell mass yield (g/g) 
a product yield parameter (g/g) 
/~ product yield parameter (h - t )  
# specific growth rate (h-1) 
um maximum specific growth rate (h -1) 
1. INTRODUCTION 
Recently, a number  of different approaches have been used to provide solut ions to the problem of 
control l ing nonl inear systems ubject  o unknown disturbances.  One of the interest ing approaches 
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is based upon the formulation of an optimisation problem known as the ~oo control problem with 
internal stability. The objectives of the 7"/oo control problem are twofold: 
(1) minimise the effect of the disturbance on a set of penalty variables, and 
(2) guarantee internal stability (see [1-3] and the references therein). 
Fermentation is a biological conversion process where the catalyst for the conversion is a liv- 
ing micro-organism. These processes range from the aerobic and anaerobic treatment of sewage, 
through the alcoholic beverage production and cheese making, to the antibiotic production. Most 
of the commercial processes are used to produce micro-organisms, microbial enzymes, and micro- 
bial metabolites. On the production side, the process can be either carried out as batch, fed-batch, 
or continuous processes. The mode of operation is dependent upon the type of product being 
produced as well as the quantity in demand. 
Over the past two decades, there have been many studies done on optimising the steady state 
productivity for both continuous and fed-batch fermentation processes; see [4-8] for continuous 
processes and [9-16] for fed-batch processes. In [8], it has been shown that it is not necessary to 
estimate all the process' parameters before an optimal controller can be set up. An experimental 
procedure that is feasible for identifying the key parameters of the process used to set up the 
optimal controller has been proposed in [8]. However, there are drawbacks in that design. 
(i) The controller proposed in [8] requires both the substrate and biomass concentrations to 
be measurable. 
(ii) The method suffers from several kinds of uncertainties such as modelling errors, unmod- 
elled dynamics, plant parameter variations, and unknown disturbances which always exist 
in practical dynamic systems. 
It is well known that these uncertainties will degrade the performance. 
The purpose of the present paper is to design a robust controller which guarantees the so-called 
E2-gain from the disturbance to the error between the substrate concentration a d the desired 
optimal substrate concentration to be no greater than a prescribed value in spite of the system's 
uncertainties. The disturbance that affect he system dynamics i due to the residue of the feed 
substrate concentration, external noise, and unmodelled dynamics. 
2. 7"/oo PROBLEM FORMULATION 
AND FERMENTATION MODEL 
2.1. 7-/oo Problem Formulat ion 
To motivate the technique used in this paper, we recall some results on dissipative systems. A
more complete survey of these results can be found in [17-19]. 
Consider the following nonlinear system: 
~(t) = f(y(t))  q- g(y(t))u(t) q- p(y(t))w(t), 
z(t) ---- h(y(t)), 
y(0) = 0, 
(2.1) 
where y(t) E R n is the state variable, z(t) E R p is the penalty variable, w(t) E £2(0, T) is the 
disturbance input, f(y(t)) ,  g(y(t)), p(y(t)), and h(y(t)) are sufficiently smooth functions with 
appropriate dimensions, f(0) = 0 and h(0) = 0. 
We use the same definition of the finite/:2-gain as in [20]. 
DEFINITION 2.1. Given any ~ > O, the mapping from w(t) to z(t) is said to have l:2-gain less 
than or equal to ~ if 
/o /o • IIz(t)ll 2 at _< ~2 IIw(t)ll 2 dr, (2.2) 
for all T >_ 0 and all w 6 £2(0,T), where [[ • l[ denotes the Euclidean norm. 
Robust 7~0o Control 63 
DEFINITION 2.2. (See [19].) System (2.1) is said to be dissipative with respect o the supply rate 
[[z(t)[[ 2 - 72[[w(t)[[ 2 (or dissipative, for short) if for every w(.) E £2(0,T) and all T > 0, we have 
T [[z(t) l[ 2 -  2llw(t) ll= dt < O, (2.3) 
where 7 > 0 is a positive constant. 
DEFINITION 2.3. (See [17].) A function V(y(t)) : R n ~-. R is called a storage function of sys- 
tem (2.1) f l i t  satisfies V(O) = O, V(y) > 0 for all y e R n, and 
ZI  1 IIz(t) ll 2 - ~¢211w(t)l12 dt < V(y(to)) - V(y(t l ) )  (2.4) 
along any trajectory of (2.1) for all tl > to and all w(.) e £2(to,ty). 
The lemma to follow establishes the relationship between dissipativity and storage functions. 
LEMMA 2.1. (See [19].) System (2.1) is dissipative if there exists a storage function V(y(t)).  
Conversely, suppose the system is reachable from 0 (i.e, for every y~ e R" and t > O, there exists 
some w(.) ~ £2(0,t) such that y(t) = y~), then there exists a storage function for system (2.1) if 
the system is dissipative. 
Let us define H(y(t) ,  w(t) ) as 
~o ~'1 H(y(t ) ,w(t ) )  = IIz(t)ll 2 -72[Iw(t)[[2 dt - V(y(to)) + V(y(t l)) .  (2.5) 
The infinitesimal version of (2.5) is given by: 
Hz(y(t ) ,w(t) )  = v tV(y ( t ) ) ( f (y ( t ) )  +g(y(t ) )u +p(y(t) )w) - 7211w(t)ll 2 + IIh(y(t))ll 2. (2.6) 
This allows us to write an infinitesimal version of Lemma 2.1 as the following. 
LEMMA 2.2. (See [3].) System (2.1) is dissipative if there exists a nonnegative function V (y(t ) ) : 
R"  ~-+ R with V(O) = 0 such that Hl(y(t),  w(t)) < 0 for all w(t) E R m and all y(t) E R n. 
Furthermore, the converse holds if the system is reachable from 0. 
With the above definitions, the 7"/oo problem is formulated as the following. 
PROBLEM OF GLOBAL TRACKING WITH ~'{oo PERFORMANCE. Find a proper positive definite 
smooth function V(y(t))  and a smooth control u(y(t)) such that (2.6) holds, for w(t) = 0, the 
trajectories of the closed-loop system are bounded for all t and for all initial conditions, and 
y(t) ~-* yd(t) as t ~-* oo, where yd(t) is the desired trajectory. 
2.2. Fermentat ion  Mode l  
Consider the following well-known unstructured fermentation process model [7] given by: 
• (t) = -Dx( t )  + tt(s(t),p(t))x(t), 
~(t) = D(s s - s(t)) + d,, - tt(s(t),p(t))x(t) 
Yx/~ 
p(t) = -Dp( t )  + (ag(s(t),p(t))  + ~)x(t), 
, (2.7)  
where x(t) is the cell mass concentration, s(t) is the substrate concentration, p(t) is the product 
concentration, (x(t), p(t), s(t)) are the state variables, sf is the feed substrate concentration, dal 
is the unknown external disturbance acting on the feed substrate concentration, D is the dilution 
rate (which is given), tt(s(t),p(t)) is the specific growth rate, Yx/s is the cell mass yielding 
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parameter, a and ~ are the product yielding parameters. The specific growth rate equation is 
commonly formulated as 
#(s(t) ,p(t ) )  = u.~(1 - p(t)/p.~)s(t)  
k,~ + s(t) + s2(t)/k~' (2.s) 
where um is the maximum specific growth rate, pm is the product saturation constant, k.~ is 
the substrate saturation constant, ki is the substrate inhibition constant. If the quantities of cell 
mass and substrate are negligible in comparison to the product, the productivity Q(t) can be 
defined as [5,7] 
Q(t) = Dp(t). (2.9) 
It is well known that process (2.7) possesses the following properties. 
PROPERTY 1. The product p(t) satisfies p(t) < Pro, for all t >_ 0. 
PROPERTY 2. There exists a global unique optimal steady state productivity. 
PROPERTY 3. The total feed substrate acting on the process ds~ + sf is assumed to be greater 
than zero and dsf = 0 if sf = 0. 
It has been shown in [7] that for any constant feed substrate, s$, there exist unique steady 
state concentrations x88(oo), sss(oo), and pss(oo) which satisfy the following equations: 
0 = -Dx~(oc)  + #(sss(oo), p88(c~))xss(oo), 
o = D(sf - s~8(~)) - y~/~ , 
0 = -Dpss(c~) + (a#(sss(oo),Vss(oo)) + ~)xss(oo). 
(2.10) 
After a lengthy algebraic manipulation, the optimal steady state productivity Qopt(Oo) is found 
to be 
Dpm [x/~i(um - D) - 2Dyr~m ] 
Q°Pt (OO) ~--- Urn~ ' (2.11) 
with its steady state concentrations given by 
8opt(oo) = ~,  
Popt(Oo) = pm { l __ D [km + 8°pt(°°) + ($°Pt(°°) )2 /ki] } 
Um~opt(o~) 
Xopt(OO)- Dp°Pt(°°) 
aD + j3 " 
(2.12) 
(2.13) 
(2.14) 
Notice that the steady state substrate concentration (Sopt) corresponding to the optimal steady 
state productivity (Qopt) depends only upon km and ki. In other words, if we can force the 
process' substrate to converge to Sopt, we will attain Qopt without having to know all the process' 
parameters apart from km and ki. In [8], an experimental procedure to estimate the key parameter 
Sopt has been developed. 
Now we shall formulate the problem as follows. 
GLOBAL TRACKING WITH "~oo PERFORMANCE. Let the penalty variable z(t) = (s(t) - Sopt) and 
the disturbance w(t) = d8 s - t t ( s ( t ) ,p ( t ) )x ( t ) /Yx /8 .  Consider process (2.7), for a given desired 
attenuation constant ~/> 0, find a controller sI such that 
]0 T ]0 T z2(t) dt < 7 2 w2(t) dt + ¢, (2.15) 
where ¢ involves contributions from the initial condition. 
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3. MAIN RESULTS 
In this section, given process (2.7), a controller is developed to ensure the £2-gain from w to 
z(t) = (s(t) - Sopt) to be no smaller than a prescribed value in lieu of the system's uncertainties. 
Before presenting the main result, the following theorem is needed. 
THEOREM 3.1. Under Assumption 1, the dynamics of the controlled fermentation process (2.7) 
and s I >_ 0 are such that: 
(i) the domain f~ with ~2 = {x(t) >_ 0, s(t) >_ O,p(t) >_ 0}/s  positively invariant; 
(ii) the domain ~ is bounded. 
PROOF. 
(i) We have ~(t)(x(t) = O) = O, ~(t)(s(t) = O) = Ds I >_ O, and 
p(t)(p(t) = O) = [kin + s(t) + s(t)2/ki + ~ x(t) > O. 
Hence, the concentrations x(t), s(t), and p(t) remain nonnegative provided that x(t = 
O) >_ O, s(t = O) > O, and p(t = 0) _> 0. This shows that the set ~ = {x(t) > 0, s(t) > O, 
p(t) > 0} is positively invaxiant. 
(ii) Defining Z(t) = x(t)/Yz/s + s(t), we have Z(t) = -D(Z( t )  - sl) , knowing that s I + dss is 
a bounded input which implies that Z(t) is bounded. Since the concentrations x(t), s(t), 
and p(t) axe positively invariant and Z(t) is bounded, we conclude that x(t) and s(t) are 
bounded. Now all we have left is to show that p(t) is bounded. Following from (2.7), we 
have i5(t) = -Dp(t)  + (a#(s(t),p(t)) + ~)x(t). Using (2.8), we get 
/9(t) = - D + pm(k,,~ + s(t) + s(t)9/k,) J p(t) +km + s(t) + s(t)2/k~ + ~ x(t). 
Since x(t) and s(t) are bounded, this means that p(t) is bounded. 
Now we are ready to state the main result. 
THEOREM 3.2. The problem of global tracking with 7-l¢¢ performance issolvable for process (2.7), 
that is, there exists a controller sf  and ¢ such that (2.15) holds. A suitable control law is given 
by 
- if 472D2 + 1 4")'2D 2 A- 1 (s ( t )  s*) + s, ( s ( t )  - s*) - s < O, 
sl(t) = 472D2 472D2 (3.1) 
0, if 472D2 + 1 
472D 2 ( s ( t ) - s* ) - s>O.  
PROOF. Suppose s* (the optimal feed substrate concentration) has been obtained by the proce- 
dure proposed in [8]. Differentiating e(t) = s - s* with respect o time gives 
~(t) = D(s I - s) + w. (3.2) 
A suitable choice of Lyapunov function is V(e) = (1/2D)e 2. According to Lemma 2.1, to show 
that (2.15) holds is equivalent to showing that 
H(y, w) = vtV(y )  (f(y) + g(y)u + p(y)w) - 72]]031] 2 -[- Hh(y)H 2 < 0 (3.3) 
holds. For process (2.7), the left-hand side of (3.3) becomes 
e?JJ 
g J I  ~ e(s f  - s) -k --~ - "}'21[w112 -4- e 2, (3.4) 
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where w = dsf -#(s ( t ) ,p ( t ) )x ( t ) /Yx /~.  Since the controller is piecewise continuous, now we shall 
consider the following domains. 
DOMAIN I. (((472D 2+ 1) /472D2)e  - s) < O. By completing the square of (3.4), we get 
1 2 e2 (2_~ D )2 HJ I  = e(s I - s) + 4--~-~D2e + - + "yw . (3.5) 
Substituting (3.1) into (3.4) yields HJ I  < O. 
DOMAIN II. (((4"yUD 2 + 1) /472D2)e  - s) > 0. Substituting (3.1) into (3.4) yields 
HJ I  = -es  + ew - Ilwll 2 -4- e 2 (3.6) 
Following from Property 3 (if sf = 0, then ds s = 0), we have 
w = #(s ( t ) ,p ( t ) )x ( t )  <_ O. (3.7) 
Yx/ s 
Utilizing s -- e + s* yields 
HJ I  = -es*  + ew - Ilwll 2. 
Knowing that e > 472D2s / (472D 2 + 1) > 0 and w _< 0 from (3.7), we get 
(3.s) 
HJ I  < O. (3.9) 
Integrating both sides of (3.4) yields 
]0 T ]0 T z 2 dt < 7 2 wt( t )w( t )  dt + ¢, (3.10) 
with ¢ = (1/2D)e2(O) where e(0) is the initial condition. 
4. AN ILLUSTRATIVE EXAMPLE 
In this section, to illustrate the design, we consider process (2.7) with the parameters given 
in [4]: D = 0.15h -1, a = 2.2g/g, ~ = 0.2h -1, um = 0 .4±0.52h -1, Pm= 50g/L, km= 1.2g/L, 
ki = 22 g/L, and Yz/s  = 0.4g/g. Suppose s* (optimal feed substrate concentration) has been 
estimated using the procedure given in [8] to be 5.14g/L which is ~ .  Substituting the above 
given parameters into (2.11), we have Qopt(OO) -- 3.3744. Choosing 7 = 0.2, by Theorem 3.2, we 
have the following robust controller: 
-1200(s(t) - s*) + s, if 1200(s(t) - s*) - s _< O, (4.1) 
s l ( t )  = 0, if 1200(s(t) - s*) - s > 0. 
For the disturbance input dss given in Figure 1, the energy ratio between the error e -- s - s* and 
w = dsl  - #(s ( t ) ,p ( t ) )x ( t ) /Yx /s  is depicted in Figure 2, the history the productivity is shown in 
Figure 3, and the control input in Figure 4. 
REMARK 4.1. From Figure 2, we can see that after 80 hours the energy ratio between e and w 
tends to a constant value which is about ~ ,  which is less than the prescribed value 0.2. 
In Figure 3, the steady state productivity is about 3.3737 which is almost the same as the 
theoretically predicted optimal steady state productivity 3.3744. Also shown in Figure 4, the 
control input is bounded within 5 and 35. . 
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Figure 2. The energy ratio between eand w. 
5. CONCLUSIONS 
In this paper, for a given dilution rate, we have developed an optimal controller that guarantees 
the so-called £2-gain from the disturbance to the error between the substrate concentration and 
the desired optimal substrate concentration to be no larger than a prescribed value in spite of the 
system's uncertainties. The disturbance affecting the system dynamics is assumed to be coming 
from the residue of the feed substrate concentration, external noise, and unmodelled ynamics. 
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